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Abstract
Smith EP, Canale RP. 2015. An analysis of sampling programs to evaluate compliance with numerical standards:
total phosphorus in Platte Lake, MI. Lake Reserv Manage. 31:190–201.
Platte Lake has a numerical standard for total phosphorus mandated in 2000 following judicial proceedings that
requires volume weighted total phosphorus to be below 8 mg/m3 95% of the time. Compliance has been evaluated
using an extensive monitoring program that collects samples at roughly biweekly intervals. Analysis indicates that the
lake has been and remains in violation of the numerical standard. This large dataset provides a unique opportunity to
utilize statistical methods to evaluate compliance while controlling the Type I and Type II errors and to determine the
minimum number of samples needed to detect changes in total phosphorus concentrations. Regression and analysis
of variance were used to improve the sampling design. Similar techniques were used to design optimal monitoring
programs for hypothetical lakes having a large range of total phosphorus concentrations and trophic conditions.
Lakes with low total phosphorus concentrations require relatively few measurements during the year, but laboratory
uncertainty necessitates multiple replicates. Lakes with higher total phosphorus concentrations require frequent
sampling to obtain an acceptable estimate of the annual average concentration because large temporal and depth
gradients are expected. Fewer replicates are indicated because laboratory measurements of higher concentrations
are more reliable. A review of several national-scale studies indicates that few lakes have sufficient data to perform
credible compliance evaluation or reliably detect changes in lake concentrations in response to shifts in watershed
loads. Further, many laboratories have limited capability to measure the low concentrations of total phosphorus
typically associated with oligotrophic lakes.
Key words: assessment, compliance, oligotrophic, standards, water quality

Platte Lake is located in the northwestern part of the Michigan Lower Peninsula (44.42.091 N, 86.06.820 W; Fig. 1).
It is an oligotrophic lake with a volume of 83.5 million m3,
a mean depth of 8.2 m, and a maximum depth of 28.9 m.
The Platte River, the major inflow to Platte Lake, has a mean
annual discharge of ∼3.5 m3/s (USGS Gage No. 04126740).
The hydrograph of the Platte River is stable because the flow
is mainly groundwater originating from deep glacial outwash deposits. The mean hydraulic retention time of Platte
Lake is ∼0.75 years.

the Fisheries Division of the Michigan Department of Natural Resources (Fig. 1). This facility produces coho (Oncorhynchus kisutch) and Chinook (O. tshawytscha) salmon
using surface water that becomes enriched with phosphorus from fecal pellets, urine, and unconsumed feed before
entering the Platte River. Platte Lake also has internal phosphorus loads from the release of phosphorus from the bottom sediments during anoxic periods and from the death
and subsequent decay of coho and Chinook salmon after
spawning.

Algal growth in Platte Lake is limited by phosphorus, which
enters the lake from point and nonpoint sources. The only
significant point source of phosphorus in the watershed is
the Platte River State Fish Hatchery (PRSFH) operated by

Phosphorus loading from the PRSFH attained a maximum
of ∼1960 kg/yr in 1974, which deteriorated the water quality of the lake. Legal actions by local residents challenged
this loading, and a subsequent court decision lowered the
allowable load to a current level of 79 kg/yr. Further details
are described by Canale et al. (2004, 2010).
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Platte Lake sampling

Figure 1. Platte River watershed and lake, gauging station, and hatchery locations.

The court also established a numerical phosphorus standard
for Platte Lake specifying that the volume-weighted total
phosphorus (TP) concentration should be maintained below
8.0 mg/m3 95% of the time. Although not explicitly stated,
the court order implied that the 95% compliance interval is
1 year. Also implicit in the standard is the assumption that
the phosphorus concentration measured at a single, centrally
located site in the main deep-water basin sufficiently characterizes the overall water quality of the pelagic regions of
the lake. The standard does not consider shallow near-shore
areas subject to wind-driven sediment resuspension or inlet tributary plumes where higher concentrations may occur
prior to complete mixing with the off-shore waters.
The numerical phosphorus standard for Platte Lake was
based on comparisons with the water quality of nearby lakes
and an informal review of data available at the time of the
2000 court order. Since that time, an extensive monitoring
program has measured the TP concentration in Platte Lake
at various depths and times during the year. The main objective of this study was to perform rigorous analyses of these
recent data and statistically characterize their adequacy to
determine compliance with the numerical standard and to
detect changes in the Platte Lake phosphorus concentration
subsequent to abatement projects or changes in land use in
the watershed.

The number of measurements associated with the current
monitoring program for Platte Lake far exceeds typical specifications, and the cost of this intensive sampling effort cannot be sustained over the long-term. A secondary goal of
this study was to determine the statistical ramifications of a
monitoring program for Platte and other lakes that may have
fewer measurement dates, fewer depths, and fewer or no
replicates and to provide guidance on compliance monitoring. Because the laboratory measurement process is critical
for accurate evaluation of compliance, several national-scale
databases were used to evaluate the capability of laboratories
to measure water quality.

Methods
Sampling and laboratory methods
Although no specific spatial or temporal measurement frequency was specified in the court order, water samples have
been routinely collected every 2 weeks since 1990, weather
and ice conditions permitting. Replicate samples are analyzed in triplicate for TP and turbidity for each sampling
date and depth. Secondary data include in situ measurements
of Secchi depth, temperature, dissolved oxygen, pH, conductivity, and oxidation–reduction potential. Other chemical
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and biological parameters have been measured with somewhat less frequency, including nitrate, nitrite, alkalinity, total
dissolved solids, calcium, chlorophyll a, phytoplankton, and
zooplankton.
The TP concentration was measured in the laboratory using
the acid persulfate digestion-ammonium molybdate method
(Eaton et al. 2005). Measurements were performed at Central Michigan University (CMU) prior to 2012 and at PRSFH
after 2011. Note that the expected TP concentrations in Platte
Lake (and other oligotrophic lakes) are near the detection
level for most laboratory operations; therefore a number of
quality control measures were implemented including the
application of a spectrophotometer cuvette path length of
10 cm that increases the accuracy and precision of low concentration measurements. The laboratories performed well
during independent proficiency testing in 2005, 2012, and
2014 conducted by Environment Canada (DeOliveira et al.
2013).

Description of total phosphorus measurements
The general spatial and temporal trends of the phosphorus
data is described prior to more formal statistical analyses.
Although all data collected after 2000 could be included,
the analyses was confined to 3504 measurements collected
between 2005 and 2013 where field, laboratory, and quality
control procedures were the most rigorous and consistent.
The analyses do not include a few outliers or incomplete
datasets due to equipment malfunction or lost samples. Outliers occur, particularly in surface samples, when a measurement is affected by windrows of pollen, sloughed macrophyte material, or the shell casings of burrowing mayflies
(Hexagenia sp.). Outliers in deeper samples usually result
from strong winds that dislodge the boat anchor and resuspend sediments.
Seasonal dynamics
The median value of triplicate measurements of TP at was
recorded at 8 different depths in 2009 (Fig. 2a). The first
sample was taken under the ice in late January during stratified conditions. The relatively high bottom water phosphorus
concentrations are an indication of sediment release under
low dissolved oxygen concentrations (Fig. 2b). Note that by
day 100, the ice had broken up, depleted dissolved oxygen
concentrations had been restored, and the concentrations of
TP were low and relatively uniform from top to bottom.
The TP concentrations in the surface and mid-depth layers
increased between days ∼120 and 225 and then gradually
decreased toward the end of the year. These changes are
related to high spring flows in the Platte River and associated phosphorus loading. Bottom water TP concentrations
increased during the summer in response to low dissolved
192

Figure 2. Platte Lake (a) total phosphorus and (b) dissolved oxygen
measurements on various dates during 2009 at 8 different depths.

oxygen concentrations that persist until fall turnover, around
day 280 (Canale et al. 2010). Late summer depth gradients
are also the result of settling and accumulation of algal cells
and other particulate phosphorus in the bottom waters.

Depth gradients
Vertical TP concentration gradients (Fig. 3) from the
2005–2013 data for 8 depths indicate that the lowest concentrations tended to occur in the surface layer. Concentrations
in the middle 5 layers were relatively uniform, and the concentrations in the bottom 2 depths were generally higher
than the other layers.
Although higher concentrations occurred in the lower layers,
these bottom waters represent a relatively small percent of
the total Platte Lake volume. The volume fractions (λ) of
the 8 layers (Fig. 4) vary considerably, with the bottom 2
layers representing only ∼2.5% of the total water volume.
The volume-weighted concentration (p) on any given day
was calculated by multiplying the median concentration of
3 replicates measured at each depth (TPi ) by the fraction of
the total volume represented by that depth and adding for all

Platte Lake sampling
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Figure 3. Measured total phosphorus concentrations in Platte Lake
for 2009 to 2013 sorted by depth (mean ±1 standard deviation).

8 depths, as shown in equation 1 with m = 8:
p=

i=m


λi · T Pi .

Figure 5. Long-term trend of volume-weighted total phosphorus
concentrations in Platte Lake from 2005 through 2013. The dashed
and dotted horizontal lines indicate the ±1 and ±2 standard
deviations.

Long-term and seasonal trends
(1)

i=1

The median was used in the calculation rather than the mean
of 3 observations to reduce the influence of occasional extreme measurements. Thus, a single volume-weighted value
(p) was based on 24 separate laboratory measurements of
the TP concentration. The average phosphorus concentration for all depths and all years was 8.41 mg/m3 without consideration of volume weighting. The average concentration was reduced to 8.01 mg/m3 after applying the
weighting factors (Fig. 4). Mixed-model analysis of variance was used to compare and model depth, year, and
month effects (Proc Mixed; SAS Institute Inc. 2008). The
model allowed for spatial and temporal correlation in the
measurements.

From 2005 to 2013, there were 146 measurements of the 8layer volume-weighted TP concentration (p) (Fig. 5). Only
47% of the values were <8.0 mg/m3compared to 95% required by the numerical standard; thus, the TP concentrations do not comply with the numerical standard. The standard deviation (σ ) of these volume-weighted measurements
was 1.23 mg/m3. Subsequent analyses here assume that this
value is a close approximation of the population standard deviation because of the large number of measurements. The
horizontal lines (Fig. 5) show the mean and the ±1 and ±2
standard deviation values. Of the values, 67% are contained
within 1 standard deviation, and 98% are within 2 standard
deviations (for a normal population, 68% and 95% would
be expected), and 53% exceed the mean, indicating a small
amount of negative skewness.
The statistical analyses (discussed in following sections)
were performed on the raw values as well as the logtransformed values to compensate for skewness. In all cases,
the log-transformed results were similar to the nontransformed analyses and for the sake of brevity are not reported
here. The monthly average value of the volume-weighted
measurements increased over the year with a maximum in
midsummer (Fig. 6). The general seasonal trend was consistent with the earlier discussion of the 2009 data (Fig. 2).

Sample size requirements
Figure 4. Area of Platte Lake as function of depth. Sample depth
locations are shown as shaded squares. The vertical lines divide
the lake into 8 layers with volume fractions λ1 = 0.121, λ2 =
0.2095, λ3 = 0.2311, λ4 = 0.2264, λ5 = 0.1269, λ6 = 0.0622, λ7 =
0.0208, and λ8 = 0.0039.

Measurements of the TP concentration in Platte Lake were
taken to (1) determine if the lake complies with the numerical
standard for TP, and (2) reliably measure changes in TP
concentrations subsequent to increases or decreases of the
loading from point and nonpoint sources.
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Figure 8. Compliance and alternative distributions associated with
hypothesis testing for the numerical phosphorus standard for Platte
Lake. The null hypothesis is represented by the distribution in the
center. The alternative hypotheses are shown on the left and right
of the null hypothesis. The non-rejection zone is defined by vertical
lines at 5.5 and 6.5 mg/m3. The Type I and Type II error levels were
set to 0.05.
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Figure 6. Seasonal variation of the volume-weighted total
phosphorus concentrations in Platte Lake for data from 2005
through 2013.

Sample size to evaluate compliance
The 95% attainment requirement specified by the courtordered numerical standard can be expressed as an equivalent population mean value (μ) using equation 2 if the data
can be approximated with a normal distribution and a reliable estimate of the population standard deviation is available as described above. This equivalent population mean is
given by
μ = 8.0 − z0.05 · σ = 6.0 mg/m3

(2)

for z0.05 = 1.645(95% cumulative z-score) and σ =
1.23 mg/m3. Thus, the numerical standard will be satisfied 95% of time if the annual average TP concentration is
≤6.0 mg/m3 (Fig. 7).
We next determined the number of random volumeweighted measurements (p) required during the year to evaluate compliance with the desired population mean (μ =

Figure 7. Normal distribution with mean of 6.0 mg/m3 and standard
deviation of 1.23 mg/m3 equivalent to the numerical standard for
Platte Lake requiring the total phosphorus concentration be
<8 mg/m3 95% of the time.

6 mg/m3) with a specified level of statistical confidence.
The annual average of this set of measurements is formally
defined here as a sample (with italics) and is represented as
(p̄). The number of measurements (n) actually taken during
the year to calculate this annual average value is the sample
size. The Central Limit Theorem states that the sampling
distribution of multiple random sample means will have a
normal distribution. This distribution of these sample √
means
has a mean value of μ and a standard deviation ofσ/ n.
Three distributions were calculated (Fig. 8) with equal standard deviations (σ = 1.23 mg/m3). The middle distribution
is associated with the numerical standard and has a mean
value of 6 mg/m3. The upper and lower distributions are
located 1 mg/m3 above and below the numerical standard.
The sample size that simultaneously controls the Type I and
Type II errors is a function of the population standard deviation, the Type I (α) and Type II (β) significance levels, and
the mean of the alternative population associated with the
Type II error (μa ). Equation 3 can be used to calculate the
value of n that satisfies these requirements for a one-sided
test with z-scores of zα and zβ :

2
z α + zβ · σ 2
n=
.
(3)
(μ − μa )2
The center distribution and the upper and lower distributions
intersect at the critical population parameter value (P̄crit ),
a function of the sample size and the population standard
deviation, given by equation 4:
σ
P̄crit = μ ± zα · √ .
n

(4)

Platte Lake sampling

In this example with alternative population means = 5.0
and 7.0 mg/m3, the calculated sample size is 17 (rounded up
from 16.4) for α = β = 0.05 with theP̄crit values equal to
5.5 and 6.5 mg/m3. The power to detect a change for such a
monitoring program is 0.95.
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Alternative null hypotheses
Compliance is evaluated by comparing a sample (p̄) value to
the assumed hypothetical population with μ = 6.0 mg/m3,
equivalent to the numerical standard. Hypothesis tests are
used to quantify the comparison process. Two alternative
null hypotheses can be used to test for compliance: one approach assumes that the sample is in compliance with the
numerical standard; the other starts with the initial assumption that the sample violates the standard (McBride and Ellis
2001).
If the hypothesis is that Platte Lake is not in violation, then
any measured sample mean (p̄) less than or equal to P̄crit =
6.5 mg/m3 with n = 17 does not provide sufficient evidence
to reject the null hypothesis. If the hypothesis is that Platte
Lake is in violation, then the sample mean (p̄) must be
≤5.5 mg/m3 with n = 17 to provide sufficient evidence that
the lake is not in violation. The non-reject regions suggest
a boundary for decisions. If the sample mean is midway
between 6.0 and 7.0 mg/m3 or between 5.0 and 6.0 mg/m3,
then it is equally likely to have come from the alternative
population, although both have low probabilities (Fig. 8).
The boundary where the null is difficult to distinguish from
the alternative is sometimes referred to as “guard points”
(Esterby 2013), that is, points that define a region where it
is “too close to call.”
Sample size to detect changes
Here we distinguished between 2 populations with means of
μ1 and μ2 using a sample mean (p̄1 ) of size n1 taken from
μ1 and another sample mean (p̄2 ) of size n2 taken from μ2 .
The difference between the samples is given byd = p̄1 − p̄2 .
Several samples could be collected, resulting in a probability
distribution for d. The standard error of the d distribution
(i.e., the standard deviation of the distribution of differences)
is given by equation 5, where s1 and s2 are the standard
deviations of the samples:

s12
s2
sp̄1 −p̄2 =
+ 2.
(5)
n1
n2
A hypothesis test can be performed to determine if the difference between the sample means is significant. The null
hypothesis is that the difference between the samples is zero,
and the alternative is that the difference is not equal to zero.
The null hypothesis is rejected if the calculated value of d is

Figure 9. Detection level for 2 sample means as function of sample
size with a significance level of 0.1. The solid curves were
developed assuming a normal distribution. The dashed curves
assume the Student-t distribution.

outside the non-rejection zone, as defined by equation 6:

s12
s2
+ 2.
(6)
d = ±tα,df ·
n1
n2
The value of tα,df in equation 6 is the t-value associated with
an upper level of α for the Student t-distribution with degrees
of freedom (df ) calculated using equation 7:
s12
s2
+ 2
n1
n2
df =
.
s12
s2
1
1
·
· 2
+
n1 − 1 n1
n2 − 1 n2

(7)

Curves were developed for d values for Platte Lake as a
function of the sample size with a confidence level of α =
0.1 using both Student-t and normal distributions (Fig. 9)
assuming that n1 = n2 and s1 = s2 = σ = 1.23 mg/m3.
We observed that the ability to detect differences with confidence increases as n increases. Note that if the detection
level and confidence are specified, equations 6 and 7 can be
used to calculate the required sample size. In contrast, if the
sample size is based on budget or logistical constraints, then
the trade-offs between detection level and confidence are
determined by the sample variance. For example, a sample
size of ∼34 is required to detect an increase or decrease of
0.5 mg/m3 of TP with α = 0.1. If the sample size is reduced to 17, the confidence level associated with detection
of 0.5 mg/m3 decreases to 1 − α = 0.75. Alternatively, the
17 sample size can identify changes with the significance
level of α maintained at 0.1, but the detection level must be
increased to 0.75 mg/m3.
An analysis of the measurement process also involves laboratory evaluation. To aid this analysis, we used data from
Environment Canada (EC), which provides accredited proficiency testing (PT) services for a wide range of inorganic
195
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Figure 11. Water Quality Portal data for the estimated standard
deviation (equation 13) and annual average total phosphorus for
various lakes with 10 or more sample dates (y = standard
deviation, x = mean annual total phosphorus).

Figure 10. (a) Total annual cost of sampling program as function of
the number of laboratory replications for 3 different values of the
annual average variance. (b) Annual average variance as function
of the number of laboratory replications for 3 different values of the
total annual sampling cost.

constituents in water. These studies are designed to quantify
laboratory performance and improve the quality of environmental data and provide information on the relationship between the percent coefficient of variation (CV = 100 · σ/μ)
and the mean concentration of TP for various laboratories. EC proficiency tested CV values are summarized for
>12,000 records where different laboratories participated in
proficiency testing for measurement of TP at various concentrations. Results for the CMU and PRSFH laboratories are
based on >1000 repeated measurements of TP with known
concentrations. The Upstate Freshwater Institute results for
CV are from Effler and O’Donnell (2010).

could be adequately characterized using 3 rather than 8 layers. Water samples from 7.5, 15, 30, 45, and 60 foot depths
and the 75 and 90 foot depths could be combined to create
2 composites prior to laboratory measurement. In this case,
m = 3 where λ1 = 0.121 to represent the volume fraction of
the surface layer, λ2 = 0.854 for the volume fraction of the
middle 5 layers, and λ3 = 0.025 for the bottom 2 layers. Linear regression that compares the 8- and 3-layer approaches
results in a slope of 0.999 and an intercept of 0.02 with R2 =
0.979, suggesting a 1:1 relationship. These results indicate
that a future monitoring program could confidently employ
3 rather than 8 layers to determine the volume-weighted
concentration.
Variance partitioning
Currently, triplicate measurements are employed in the monitoring program for quality control because typical concentrations in Platte Lake are near the detection level where

Results
Analysis of the Platte Lake sampling program
Eight vs. three layer volume-weighted average
The monitoring program described above has generated sufficient data to determine if fewer than 8 depths can be used
to reliably estimate volume-weighted average concentrations. Inspection of the vertical concentration profile (Fig. 3)
suggests that the volume-weighted average TP concentration
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Figure 12. Coefficient of variation for measurement of a range of
total phosphorus concentrations reported by various laboratories.
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Table 1. Date and replication variance, optimal number of
replicates (rounded up), actual number of dates, and number of
equivalent dates. Calculations assume that the cost of a single
sample collection (cdates ) is $500 and the replicate cost (creps ) is
$120 for 8 depths for 2005 to 2013. The cost of a future replicate
after 2013 is $45 for 3 depths.

Year

2
σdates

2
σreps

n̂reps

ndates

n̂dates

2005
2006
2007
2008
2009
2010
2011
2012
2013
future

1.51
2.79
1.68
0.69
1.87
1.78
1.61
0.58
1.37
1.50

0.274
0.200
0.206
0.272
0.269
0.303
0.312
0.530
0.706
0.600

1
1
1
2
1
1
1
2
2
3

18
17
17
19
15
15
17
14
14
17

18
17
17
20
15
15
18
21
16
20


n̂reps =

Mixed-model ANOVA was performed on the 8-depth
volume-weighted measurements for 2005–2013 to separate
the variance within the 3 replicates from the variance between dates. The calculated F statistic for each year was
much larger than the critical value, indicating that changes
between the median of the replicates that occur between
dates during the year are statistically significant despite this
variation being partially obscured by variations within the
3 replicates. The partitioning of the total variance into the
2
) and the
variance associated with the sample dates (σdates
2
) was calculated (Table 1).
variance of the replicates (σreps
The variance associated with a single volume-weighted measurement (p) is given by equation 8:
(8)

The variance of the sample (p̄) is calculated using equation
9, where the sample size is equal to ndates and nreps is the
number of replicates:
var(p̄) =

2
2
σrep
σdate
+
.
ndates
ndates · nreps

Ctotal = cdates · ndates + creps · nreps · ndates .

(10)

The formula for the optimum number of replicates (n̂reps )
is derived by rearranging equation 10 to express the number
of dates as a function of total cost, the cost of the dates, and
the cost and number of replicates, substituting into equation
9, and minimizing with respect to the number of replicates,
resulting in equation 11 (Marcuse 1949, Sokal and Rohlf
1969):

colorimetric measurements are relatively imprecise (Drolc
and Ros 2002). These replicates triple the laboratory cost,
however, and therefore we conducted formal statistical analyses to determine how much confidence would be lost by
reducing or eliminating the replicates or be gained by increasing the number of replicates.

2
2
+ σreep
.
var(p) = σdate

variance. The total annual cost (Ctotal ) for sample collection
and laboratory measurements is determined by equation 10.

(9)

Optimal number of replicates
We determined the optimal number of replicates relative
to the number of dates that minimizes the annual average
variance of the samples (equation 9) for a fixed cost or
minimizes the total annual cost for a fixed annual average

2
cdates · σreps
2
creps · σdates

.

(11)

Note that more repetitions are warranted when the variance
within the replicates is high and the cost of the replicates
is low; however, fewer replicates are indicated when the
cost of the dates is low and the variance between the dates
is high. If the cost of adding dates is similar to the cost
of adding replicates, then performing multiple replicates is
only warranted if the variation in the measurement process
is large relative to the variation between dates. If the cost
of adding sampling dates is low or the cost of sample measurement is high, then it is generally better to reduce the
number of replications relative to the number of sampling
dates.
The direct and indirect costs of collecting water samples
from Platte Lake are larger than the costs of measuring
the 8-layer volume-weighted phosphorus concentration in
the laboratory. The total cost associated with sending a 2person crew into the field to collect a sample is roughly
$500. The cost of a single in-house volume-weighted measurement is ∼$15 per laboratory analysis or $120 for one
8-layer volume-weighted measurement. The optimal number of replicate measurements as calculated by equation 11
was roughly one for 2005 to 2011 (see Table 1). This number
increased to about 2 replicates in 2012 and 2013 because the
replication variance increased. If the cost of a future sample
collection program is reduced to $45 by utilizing 3 layers
instead of 8, as discussed earlier, the optimal number of repetitions increases to 2.1. A suboptimal monitoring program
that consists of 17 dates and 3 replications seems prudent.
This program will cost slightly more ($10,795) compared
to the optimal value ($10,113), but this additional cost is
offset by a decrease in the sample variance to 0.100 from
0.105 (mg/m3)2 and adds a level of quality control. The total annual cost of this program varies as a function of the
number of replications for 3 different values of the sample
variance (Fig. 10a). The sample variance also varies as a
function of the number of repetitions for 3 different fixed
costs (Fig. 10b). Note that because the cost is fixed, increas197
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ing the number of replicates would require a reduction in
the number of dates.
The effective sample size n̂dates that employs only one replicate but achieves the same variance as n̂reps is given by equation 12:
n̂dates =

2
2
σdate
+ σrep
2
σdate

ndates

+

2
σrep
ndates ·nreps

.

(12)
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Calculated values of n̂dates for various years (Table 1) show
that the practice of using about 2 replicate measurements
is equivalent to adding about 3 additional dates with one
replicate per date when the replication variance contribution
is relatively high.

Example sampling programs for other lakes
For this example, assume that a volume-weighted sample
based on measurements at 3 depths is taken from a centrally located, deep-water lake site several times per year
and measured for the TP concentration. The annual average
of these measurements is then compared with a numerical
standard to determine compliance. Five hypothetical lakes
were examined: 2 oligotrophic lakes with annual average TP
concentrations of 5 and 10 mg/m3; a mesotrophic lake with
an annual average concentration of 15 mg/m3; and 2 eutrophic lakes with annual average concentrations of 25 and
50 mg/m3. The analyses below determine the sample size
needed to obtain a statistically valid estimate of the annual
average concentration for comparison with the standard.
Estimates of the population standard deviation as well as
the mean concentration are needed to proceed with statistical analysis and sampling program design. Unfortunately,
direct calculations of TP standard deviations based on extensive monitoring data are not generally available for a wide
variety of lakes; however, the standard deviation (σ ) can be
estimated for initial planning and sampling program design
applications using equation 13 (Zhang 2007):
σ ≈

max T P − min T P
.
6

(13)

More than 15,000 records from the Water Quality Portal
(WQP) database provided measured values for the maximum, minimum, and annual average TP concentrations
as well as the number of samples taken during the year.
This cooperative program integrates publicly available water quality data from the US Geological Survey National
Water Information System, the Environmental Protection
Agency STORET data warehouse, and the US Department
of Agriculture research database (National Water Quality
Monitoring Council 2006).
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Table 2. Computations for the number of sample dates (rounded
up) and optimal number of replicates (rounded up) for various
hypothetical lakes. The population standard deviations are
estimates based on Figure 11. Calculations assume a confidence
interval of 90% for the mean and a Type I significance level of 0.1.
The assumed cost of sample collection is $500 per date and the
laboratory cost is $75 per measurement.

Parameter

Lake 1 Lake 2 Lake 3 Lake 4 Lake 5

Population
mean (μ)
Population
standard
deviation (σ )
Variance(date)
Variance(rep)
Sample size
(ndates )
Lab cost
Date cost
Optimal lab reps
(nreps )

5

10

15

25

50

0.5

1.5

2.5

5

10

0.25
0.66
11

2.25
0.95
25

6.25
1.4
31

25
1.7
44

100
3.1
44

$75
$500
5

$75
$500
2

$75
$500
2

$75
$500
1

$75
$500
1

The plot of the relationship between the standard deviation
calculated using equation 13 and the annual average TP
concentration for 530 lakes having 10 or more measurements
per year shows that as the annual average TP concentration
increases, the standard deviation also increases (Fig. 11;
see also Jones and Bachmann 1976, Carpenter and Brock
2006). This result is not unexpected because concentration
dynamics and depth gradients generally increase in lakes
with higher annual average concentrations, indicated by the
annual average and estimated standard deviation (Fig. 11)
for the 5 hypothetical lakes (Table 2).
Evaluation of the EC data show that the relative uncertainty
in the laboratory measurements of TP increases dramatically
when the concentrations are less than ∼10 mg/m3 (Fig. 12).
Values for the laboratory repetition variance for the TP measurements for this example based on PRSFH results (Fig. 12)
indicate that high quality lakes with low TP concentrations
have relatively low seasonal variance, but these low concentrations are difficult to reliably measure in the laboratory
(Table 1). In comparison, lakes with higher TP concentrations are easier to measure reliably in the laboratory, but
this advantage is offset by relatively high seasonal standard
deviation and variance.
To determine an adequate sample size, the statistical requirements associated with the calculations must be specified. We
assumed for this example that the Type I significance level
(α) is 0.1 and that the desired confidence interval width is
equal to 10% of the mean. These are arbitrary values, and
regulators may impose different specifications. The number of sample dates needed to estimate the annual average
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concentration with confidence is calculated using equation
14:


2 · zα · σ
n=
Confidence Interval width

2
.

(14)
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Lakes with higher TP concentrations have higher standard
deviations (Table 2) and therefore require more sample dates
to satisfy the statistical specifications.
Next, we determined if replicate laboratory measurements
are warranted. Equation 11 can be used to calculate the optimal number of laboratory repetitions that minimize the total
annual variance of the measurements for a fixed cost. The
typical cost for a commercial laboratory to measure TP is
$25, or $75 for a volume-weighted sample (Table 2). The
estimated cost to collect a single sample for this example is
$500. From this information, the calculated optimum number of replicates may be calculated (Table 2).
Note that, as expected, the lowest concentration lake requires
5 replicates (rounded up) compared to only 1 (rounded up)
for the higher concentration lakes. A total of 55 measurements is required to quantify the annual average phosphorus
concentrations in the oligotrophic lake compared to 44 total measurements in the eutrophic lakes. Laboratory costs
are 75% of the total sampling program cost for the lowest
concentration lake compared to only ∼15% for the high
concentration lake.

Discussion
The goal to manage the water quality of lakes based on
numerical standards and quantitative analyses is certainly
worthwhile; however, such an approach must be accompanied and supported by extensive data and rigorous statistical analysis. The above analyses show that lakes with low
TP concentrations require multiple laboratory replicates to
ensure reliable sample measurements. These low concentrations also require a high commitment to quality assurance
and control. Information on the number of laboratories and
their reported quantification criteria from the WQP database
(Table 3 shows that only ∼8% of the reporting laboratories
can reliably measure TP concentrations <5 mg/m3, and 82%
indicated that the lowest concentration that could be reliably
measured was >20 mg/m3. The above analyses also show
that lakes with high annual average TP concentrations require multiple sampling dates to ensure reliable estimation
of the annual average concentration because these lakes tend
to have large standard deviations over the year. About 3% of
the WQP database records for the annual average TP concentration consisted of 10 or more measurements, and no
records reported replicates.

Table 3. Number of laboratories (2464) and quantification levels for
total phosphorus measurements for Water Quality Portal data
collected from 1 January 2009 to 1 August 2014. Values are
represented in mg/m3.

Quantitation Criterion

Number

Lower reporting limit ≤5
Lower reporting limit ≥10
Method detection level ≤5
Method detection level >5
Practical quantitation limit ≥20

37
157
169
67
2034

We recommend that the monitoring specifications for compliance be linked to the constraints imposed by the regulation and standard (Barnett and O’Hagan 1997, Shabman
and Smith 2003, Esterby 2013). For example, the numerical
standard for Platte Lake simply stating that 95% of measurements should be <8.0 mg/m3 is vague with regard to implementation and different agencies, or researchers might create
different sampling strategies for assessment. Although the
population might be defined as all potential measurements
within the lake on a certain day, week, month, or year, a
more useful approach would be to specify depths, horizontal locations, and sampling time intervals. Blueprints that
specify the population of potential measurements should be
assessed and enumerated by regulators.
Most statistical algorithms such as power analysis require
a reliable numerical value for the population standard deviation. During the initial planning stage, range data may
be used to estimate the population standard deviation as described earlier, but as more data become available it may
be appropriate to refine this estimate. With large changes in
water quality, the population standard deviation may also be
expected change over time, particularly when a lake moves
from one trophic status to another. For cases where abatement programs are in progress, however, concentrations are
decreasing, and along with these decreases the standard deviation is also expected to decrease. Therefore, the assumption
of constant variance for these types of cases has a built-in
safety margin when calculating sample size.
The statistical approach used here requires random samples
of the statistical population. In many lakes, however, summer and early fall concentrations may be higher than those
taken in the winter and early spring, and surface concentrations may be lower than bottom concentrations (Knowlton and Jones 2006); thus, any monitoring program that
favors summer or surface samples will be biased if the standard implies annual compliance. The numerical phosphorus
standard for Platte Lake assumes that a single horizontal site
adequately characterizes the overall water quality of Platte
Lake. This assumption is clearly not adequate for elongated
systems such as Lake Champlain (Smeltzer et al. 2009) or
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for cases where distinct phosphorus concentration differences are found in different regions or basins, such as in
Lake Erie.
Enforcement of a numerical standard and conclusions regarding compliance depends on the perspective of the null
hypothesis (Bross 1985, Millard 1987, Holland and Ordoukhani 1990, Smith et al. 2001). In the case of Platte Lake,
if the null hypothesis assumes that the lake is not in violation, any sample consisting of 17 random volume-weighted
measurements >6.5 mg/m3 will be deemed in violation. Alternatively a sample must be <5.5 mg/m3 to conclude that
the lake is not in violation when it is initially assumed to
be in violation. Samples <5.5 mg/m3 are difficult to obtain because any contamination during sample collection,
handling, and analysis almost always results in bias that
tends to overestimate the actual concentration. Yet allowing
a few unrepresentative high values to prematurely declare
violation of the standard seems inappropriate. These circumstances place additional and unwarranted burdens when the
null hypothesis assumes that the lake is not in compliance
with the standard; however, these circumstances act as an
additional safety factor when applying the null hypothesis
that assumes the lake is in compliance.
The assumed null hypothesis is an important practical consideration for Platte Lake in terms of perceived water quality, attainability, and cost. Platte Lake is currently an oligotrophic lake with no obvious signs of serious degradation.
Phosphorus is not carcinogenic, toxic, or hazardous to human health, but rather it is undesirable because it stimulates
algal growth. Excessive algal production may eventually
reduce water clarity and dissolved oxygen concentrations
and cause taste and odor problems for drinking water supplies. All the obvious and relatively easily correctable point
sources of phosphorus in the entire Platte River watershed
have already been reduced to near zero. The cost of reducing the phosphorus load from the remaining nonpoint
sources increases dramatically as the removal requirement
increases. In the case of Platte Lake, it could be argued that
the burden of proof should be on regulators to demonstrate
that significant impairment exists that justifies expenditure
of public funds or the placement of restrictions on private
and commercial activities (see also Belsky 1984, Zander
2010). Thus, for Platte Lake we recommend that regulators view the system as satisfying the standard to evaluate
compliance.
Platte Lake can be contrasted with Onondaga Lake (New
York) where Effler and O’Donnell (2010) report that summer surface water TP concentrations dropped from 360 to
42 mg/m3 between 1987 and 2009 following the reduction
of phosphorus loading from a large municipal wastewater
treatment plant. In cases such as these, where water quality
conditions are severely degraded, it seems appropriate for
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the null hypothesis to assume that water quality standards
are in violation. These types of eutrophic lakes with high
concentrations of phosphorus (>50 mg/m3) may have point
sources of phosphorus where current technology could be
used to readily reduce the loads. In these cases, the decision statistics should be conservative and the burden of
proof should be on regulators and safety officials to ensure compliance. Similar logic would be appropriate when
the numerical standards are applied to toxic substances or
carcinogenic compounds. The exact wording of the null hypothesis for any water quality numerical standard depends
on a complex matrix of biological, statistical, physical, and
social considerations (many of which may be qualitative
in nature). Thus, the decision regarding the null hypothesis
must be established on a case by case basis and requires
astute analysis, foresight, and prudent judgment.
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